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ABSTRACT
In the present work the acoustic band structure of a two-dimensional
phononic crystal (PC) containing an organic ferroelectric (PVDF-
polyvinylidene fluoride) and topological insulator (Bi2Te3) were
investigated by the plane-wave-expansion (PWE) method. Two-
dimensional PC with square lattices composed of Bi2Te3 cylindrical
rods embedded in the PVDF matrix are studied to find the existence of
stop bands for the waves of certain energy. Phononic band diagram
v D v(k) for a 2D PC along the ’-X-M-’ path in the square Brillouin
zone show four stop bands in the frequency range 0.01–8.0 kHz.
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Introduction

There has been a great deal of interest in recent years in the study of two-dimensional (2D),
periodic arrangements of inclusions inside a viscoelastic material or a fluid, so-called pho-
nonic crystals [1,2]. Phononic crystals (PCs) are composite materials that are artificially
manufactured structures with special properties regarding wave propagation, known as
acoustic metamaterials. The most interesting aspect of such materials arises from the pres-
ence of phononic band gaps (PBGs). The band gap in a phononic crystal is caused by a peri-
odic variation in the density and changes of the speed of sound in the crystal. The band gaps
exist in a certain range of frequencies where acoustic/elastic waves propagation is forbidden.
In such a situation, the phononic crystal behaves as a perfect acoustic mirror and an incident
wave is perfectly reflected outside for the rejected frequencies [3].

The band structure of a phononic crystal can be controlled by changing the geometry of
the inclusions [4], the volume fraction of inclusions [5], by varying lattice spacing and lattice
topology [6], or by varying the mechanical characteristics of the constitutive materials that
change through the application of external stimuli [7]. However, some authors have also
studied and analyzed the effects of piezoelectricity on the dispersion curves and they show
that the change is negligible for small filling fractions, but significant for large ones [8,9].

Bismuth-based binary compounds such as bismuth telluride (Bi2Te3) is a narrow band
gap semiconductor and has been known for a long time to be excellent thermoelectric
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materials and an acoustic topological insulator, which is also one of the most commonly
studied topological material to date [10]. The concept of topologically nontrivial band struc-
tures has recently led to the emergence of the field of “topological photonics” and then, the
concept is extended to acoustics by designing a phononic crystal [11]. These phononic meta-
materials may allow us to have access to a much wider range of material properties, since
their topological characteristics can survive to high temperatures. On the other hand, polyvi-
nylidene fluoride (PVDF) is a well- known material for its toughness, and stability, as well as
its ability to withstand long-term exposure to ultraviolet radiation. The major advantage of
using polymeric materials is that they have low weight, low thermal conductivity, high heat
resistance, and mechanical flexibility.

This paper theoretically and numerically investigates the propagation characteristics and
the band structure of longitudinal waves propagating in a 2D phononic crystal composed of
Bi2Te3 cylinders embedded in a PVDF matrix. More explicitly, we study the 2D composites
by solving the basic acoustic wave equation and use Bloch wave analysis to identify the band
gaps. The results obtained are based on the plane wave expansion method.

2. Model and the calculation method

Here we focus on the P-wave (pressure wave) or acoustic wave propagation through a peri-
odic array of cylindrical scatterers. Although one of the media is a solid medium, we will
assume the matrix as a fluid medium to take the advantage of solid/fluid approximation.
Such approximation is reasonable if we only consider that the waves propagate as longitudi-
nal waves by means of adiabatic compression and decompression. The major difference
between the approximations will mainly be observed for higher bands. In other words, this
approximation can yield acceptable results for lower bands. Assuming a homogeneous and
isotropic medium, we can separate the wave modes and use methods based on acoustic wave
theory. Among them, the PWE method in the frequency domain [12], and the FDTD
method in time domain [13] are the two that are used most widely. We will use the PWE
method because of its simplicity. The advantage of the PWE method is that it must neglect
the transverse mode existing in solid and simply treat the solid as an artificial “fluid.” It
must be noted that one of the advantages of PVDF like materials is that they can be fluid-
processed as a melt. The considered system is a 2D phononic crystal composed of Bi2Te3
inclusions in a PVDF host in a square lattice. A square lattice formed of cylindrical rods has
a lattice constant, a D 0.05 m and the scatterers’ radius, r0 D 0.025 m. The calculation model
of the studied system and its unit cell is shown in Figure 1.

The material properties are r1 D 1780kg/m3 and cL1 D 1300m/s for PVDF, and r2 D
7858 kg/m3 and cL1 D 2951 m/s for Bi2Te3. For the PWE method the solid matrix is consid-
ered as a fluid but with the material parameters of actual PVDF. Under the assumptions we
made, the acoustic wave equation can be written as

C11ð Þ¡ 1 @
2p
@t2

D r
!

� r¡ 1rp
� �

(1)

where p is the pressure wave, C11 is the relevant elastic constant and r is the mass density.
The PWE expansion method has been applied to acoustic wave equation in calculating the
band gap of the system.
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3. Results and discussion

The computational model based on the PWE method and the physical parameters of the sys-
tem have been given in the above section. The numerical results for the band structure are
expressed in terms of the normalized or reduced frequency V, which is an expression of
(va/2pcl) and it ranges from 0 to 3.0. Figure 2 shows the calculated band structures of the
2D phononic crystal given in Figure 1. It is seen in Figure 2 that there exists complete acous-
tic band gaps (indicated by shaded region) for the assumed model around 0.4 to 2.8. The
complete band gap along the right-handed triangle ’-X-M-’ with vertices at ’ D (0,0), £ D
(p/a, 0) and M D (p/a, p/a) show us that the entire angular range of the wave propagation
direction, while other directions are not forbidden within a certain range of frequencies. The
density of states (DOS) as a function of frequency is also computed and the figure in the
right side panel shows the corresponding phononic density of states as a function of fre-
quency. The DOS were calculated by sampling k-points in the two dimensional Brillouin
zone (BZ). We found the DOS as a function of frequency v by doing a sum of all the bands
over all the frequencies.

The dispersion relation, v(k), for the first and second bands were calculated. Like the
band structure construction, we used the frequency-domain PWE method to create the
equi-frequency contours (EFCs). They are illustrated in Figure 3(a) and Figure 4(a),

Figure 2. The band structure of the studied 2D PVDF/Bi2Te3 phononic crystal calculated in the first Bril-
louin zone.

Figure 1. Unit cell of a square lattice two dimensional phononic crystal (a). Transverse cross-section of a
representative 2-D phononic crystal (b) and Brillouin zone of 2-D square lattice PCs (c).
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respectively. The plots provide a better understanding of how such dispersion influences
acoustic velocity. Moreover, the contour plots of the associated dispersion surfaces are
shown in Fıgure 3(b) and Figure 4(b). The EFCs are at the intersection of the 3D dispersion
curves with a horizontal plane and they provide an essential source of information. By con-
sidering the acoustical wave vector and the group velocity as local parameters, the shape of
the EFCs can be used accurately to account for anisotropy. Figure 3(b) shows EFCs in
reduced k space and they are mostly circular around the high symmetry point. Circular dis-
persion in reduced k space means that the medium is an isotropic medium and the wavevec-
tor of the acoustic wave and the group velocity are parallel for any propagation direction.
Therefore, in the material the velocity of the acoustic wave does not depend on the direction
that the wave travels. As can be seen, the radius of the EFCs clearly increases as the fre-
quency increases.

The equi-frequency surfaces, (EFSs), of the incident wave along the G-X-M-G direction
are shown in Figure 4(b). Figure 4(b) shows that local curvature of the EFCs deviates from
circular symmetry. An equi-frequency plot of the 2nd band, which is a little bit more compli-
cated than the 1st band, exhibits a square-like contour. The case of a non-circular EFCs,
however, indicates anisotropic behavior. On the other hand, a square like contour also
reflects some symmetry in a particular direction. This could especially be advantageous and

Figure 3. The dispersion, v(k), relation (band-diagram) for the first bands of the square phononic crystal.,
calculated for all k-vectors in the first Brillouin zone. (b) The equi-frequency contours for the first bands
zone.
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even be more effective if the self collimation property of the phononic crystal is considered.
It must be noted that the group velocity Vg is normal to the EFC but not collinear to the
wave vector k. At each frequency, the energy flow direction is given by the normal to the
EFC, and is in the direction of the maximum rate of change of frequencies. The calculated
contours also allow us to analyze whether the phononic crystal can have negative refraction
or not, depending on the sign of the dispersion slope. From the EFC plots above, we can see
that the radius of the circle increases with frequency, and we can conclude that the disper-
sion slope is positive.

The unusually large angles (» 180o) between the phase and group velocities of acoustic
waves lead to many unusual wave phenomena observed at crystal-air or crystal-isotropic
medium interfaces. In order to understand the dynamics of wave propagation, the concept
of group velocity may be useful from the viewpoint of energy transportation. The direct cal-
culation of the derivative of the dispersion relation calculated numerically is not always con-
venient and can give error. Thus, by using the results of [14–16] the group velocity can be
always calculated more accurately, irrespective of the number of points in the dispersion
curve. Therefore, we have calculated the group velocity along the high-symmetry directions
G-X-M-’ of the BZ as shown in Figure 5. From Figure 5, it is evident that the components
of the group velocity versus the high symmetry direction (’-X-M) vary over wide limits. The

Figure 4. The dispersion, v(k), relation (band-diagram) for the first bands of the square phononic crystal,
calculated for all k-vectors in the first Brillouin zone. (b) The equi-frequency contours for the first bands
zone.
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dependences Vg, which describe the wave packets of localized modes of any order, exhibit
(generally) a maximum at certain propagation constants. This means that the dispersion of
group velocity can be positive, negative or zero [15, 16]. It is worth mentioning that the
group velocity of the waves is zero at the high symmetric point X meaning that there is no
energy transfer at this point.

Conclusion

In this paper, we initially discussed the band structure of two dimensional phononic crystal
composed of a topological material embedded in a polymer host. We use the plain wave
expansion method to calculate band gaps in the acoustic band structure of the locally reso-
nant phononic crystal. The results of this study illustrate that the width of the first band
decreases and more phononic stop bands appear under the assumption of the fluid/solid
approach. The findings of this paper may be useful to the improvements in the design of
acoustic phononic crystals and they provide some perspectives in a way for designing acous-
tic filters or insulators.
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